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BOUNDING BETTI NUMBERS OF BIPARTITE GRAPH IDEALS 



MICHAEL GOFF 



Abstract. We prove a conjectured lower bound of Nagel and Reiner on Betti 
numbers of edge ideals of bipartite graphs. 



1. Introduction and preliminaries 



Finding explicit minimal free resolutions for classes of graded ideals, or at least 
bounding their Betti numbers, is one of the central problems in combinatorial al- 
gebra. In general, the problem is hard and far from being solved, even in the cases 
of monomial ideals or quadratic monomial ideals (for some results and conjectures, 
tG • see e.g. [3J, [J], and the survey paper [B]). In this paper we prove a conjecture 

raised by Nagel and Reiner [TU], establishing a lower bound on the Betti numbers 
of certain quadratic ideals. 

We start by reviewing necessary background and introducing notation. Through- 
out this paper k is an arbitrary field, and S is the polynomial ring over k in variables 
lUI", where X — {xi, . . . , x n } and Y — {j/i, . . . , y m }- We consider ideals gener- 
(-*) • ated by some monomials of the form Xiyj. Define a Z"-grading on S as follows. Let 

■^- , Z n be generated by the standard basis ei, . . . , e n , and set degXi = ej for 1 < i < n. 

l/"~) ■ Also set degj/j = for 1 < i < m. 

For a Z"-graded ideal I C S, we consider the minimal free Z"-graded resolution: 

_ 5 (_ o) A.. - ... - S(-a)^ -7-0. 

In the above expression, S(—a) denotes S with grading shifted by a, and I denotes 
the length of the resolution. In particular, I > codim(S'//). It follows from, for 
instance, the Taylor resolution that if / is a squarefree monomial ideal, then (3i^ a = 
unless a is a {0, l}-vector. Hence the nonzero Betti numbers of such an ideal 



5-H 

C3 ■ can be indexed by subsets of X. For X' C X, we define f3i,x',»{I) — Pi, a {I) for 

a = J2x-ex' e i- W e may also consider the more common Z n+m -grading on S by 
giving yj degree e n +j. Then the Z"-graded Betti numbers of / relate to the Z™ +m - 
graded Betti numbers by 

(1) A,X',.(I)= E ^X'UY'(I). 

Y'CY 

In Section [21 we prove Conjecture 1.2 of [TU], establishing a lower bound on 
Pi.x',m{I) in the case that / is generated by some monomials of the form Xjj/j. 
Associated with / is a bipartite graph G(X U Y, E) with vertex set X UY and an 
edge {xi, yj} G E whenever xtyj G /. We say that / is the edge ideal of G. Edge 
ideals were first introduced in [12]; results related to edge ideals can be found in 
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[1] , [2] , [8] , [9] , and [12] . For each vertex v £ G, the set of vertices that share an 
edge with v is called the neighborhood of v and is denoted N(v), while the degree 
of v is degv = deg G u := \N(v)\. 

For each bipartite graph GonlUF, we associate a bipartite graph H on X U V 
with edge set 

#(#) = {{«i,yj} : 1 <i<n, 1 < j < deg G Xi}. 

We may think of if as a "shifted" version of G. A bipartite graph constructed in 
this manner is known as a Ferrers graph. Let J be the edge ideal of H; J is known 
as a Ferrers ideal. For more on Ferrers ideals, see [I] and [2]. The following is 
Conjecture 1.2 of [TO] . 

Theorem 1.1. For a// X' C X, A,x\.(-0 > (3i,x>,.( J )- 

Our proof relies heavily on techniques relating to simplicial complexes. A sim- 
plicial complex T with the vertex set V = X U Y is a collection of subsets of 2^ 
called /aces such that if F e T and G £ F, then GeT. With every simplicial 
complex r we associate its Stanley- Reisner ideal It £ S generated by non-faces of 
T: I-p := (J\ veL v : L £ V, L T) (see [H]). Likewise, given a squarefree monomial 
ideal I £ S, we denote by A(7) the simplicial complex A on X U Y such that 
I A = I- If W £ V, then the induced subcomplex of T on W, denoted T[W] has 
vertex set W and faces {F £ T : F £ W}. If v £ V, then we abbreviate T[V — {v}] 
by T — v. Let (3 P (T) := dimk(J? p (r)) be the dimension of the p-th reduced simplicial 
homology of T with coefficients in k. We make frequent use of Hochster's formula 
(see [IU Theorem II.4.8]), which states that for W £ V, 

Pi,w(Ir) = 0i-\w\-2(r[W}). 

2. Lower bound on bipartite graph ideals 

In this section we prove the main result. Let G be a graph on X UY 1 all of 
whose edges are of the form {xi,yj}, and let I be the edge ideal of G. Let J be 
the Ferrers ideal associated with I. The Betti numbers of Ferrers ideals can be 
calculated explicitly. For X' £ X, let mindcg(A') = mindcgG(A') denote the 
minimum degree of a vertex in X' in G. 

Proposition 2.1. [10, Proposition 2.18]. Let J be the edge ideal of a Ferrers graph 
H on vertex set X UY . Then for all X' £ X and i, 

r n\ Anindegif(X') 
0i > X ' AJ)= [i-\X>\ + 2 

Proof of Theorem ] 1 . 1[ For a given X' C X, we may restrict our attention to the 
induced subgraph G[X' U Y], and therefore we assume without loss of generality 

that X' = X. By Proposition EU (3 i>x ,.{ J ) = (^fxf+P)' Let T := A ( 7 )' B ? 
(TTJ) and Hochster's formula, we also have that 

\X\ + \Y\-i-2 

Pi,x,.(I)= E &,xuY>{T)= Y, E &(r[xuF']). 

Y'CY j=0 |y'|=j+i-|X|+2 

We assume without loss of generality that N(xi) does not properly contain N(xt) 
for I < i < n. This occurs, for instance, if X\ has minimal degree among the vertices 



BOUNDING BETTI NUMBERS OF BIPARTITE GRAPH IDEALS 

in X. It suffices to show that 

i=o |y|=j+i-|x|+2 \ i i 

We do so by showing that for every Y{ C N(x\), there exists i"cy and j > such 
that F' n iV(xi) = F/, \Y'\ = \Y{\ + j, and J3j(F[X U F']) > 1. If this claim holds, 
then by taking all Y[ with \Y{\ =i-\X\+2, it follows that ijlx \,.(I) > (t-nn+2)' 

Define X x := {x £ X : N(x) = N(xx)}. If X e X - X x , then there exists 
y £ N(x) — N(xi), since by our hypothesis N(x) <£ N(xi). Let {vi,...,v r } C 
F — N(x\) be a set of minimal size such that for each x £ X — X\, there exists 
some 1 < i < r with Vi £ N(x). We prove the claim by induction on r. In the case 
r = 0, Nix,) = N(xi) for all i, and so T[X U Y{] = T[Xi U Y{] is the disjoint union 
of simplices on Xi and Y{, and the claim holds with j = 0. 

Now consider r > 1, and let X' = N(v r ). On the induced subgraph G[(X — X')U 
F/ U {«i, . . . ,v r -i}], N(xi) does not properly contain N(xi) for any Xi £ X — X', 
so for this graph the claim holds by the inductive hypothesis. Hence by possibly 
rearranging the Vi, we can assume that H k _i(T[(X —X')uY{\j{vi, . . . ,Vk-i]}) ^ 
for some 1 < k < r. Then we consider two cases. 

Casel: F fc _i(r[X U Y{ U { Vl , . . ., v k -i}]) # 0. Then Y' = Y{ U {vi, .. . ,^-1} 
satisfies the claim. 

Case 2: H k -i(T[X UY{ U {vi, . . . ,v k -i}]) = 0. Note that 

fl"k_l(T[(X - X') U F/ U {«!, . . .,V h -.i,Vr}]) = 

since this complex is a cone over T[(X — X') U Y[ U {ui, . . . , Vfe_i}] with apex u r . 
Also, since for all x £ X', {x, v r } is not an edge in T, it follows that 

r[X\JY{\J{vi,...,V k - U Vr}] = 

T[X U Y{ U K, . . . , « fc _i}] U T[(X - X') U F/ U {«!, . . . , w fc _i,« P }]. 

Take X* := X — X'. The portion of the Mayer- Vietoris sequence on simplicial 
homology 

H k (T[X U Y( U K, . . . , vt-uvr}]) - H fe -i(r[X* U F/ U K, . . . , Wfc.!}]) -> 

tf fc _i(r[x u f/ u {«!, . . . , «*_!>]) © # fe _i(r[x* u f/ u { Wl , . . . , v fc _i, v P }]) = o 

implies that 7Jfc(r[X U F/ U {«i, . . . ,v k -i, v r }]) 7^ 0. The result follows by taking 
Y'=Y{U{v 1 ,...,v k -i,v r }. D 

Nagel and Reiner give a full characterization of when equality occurs for all 
X' C X. We say that G is nearly row-nested if whenever |7V(xi)| < \N(x 2 )\, 
N(xi) c N(x2), and | ri|jv(a; 4 )|=c N(xi)\ > c — 1 for all c. 

Theorem 2.2. pH Proposition 4.18] For all X' C X, [3 t ,x\.{I) = 0i,x',.( J ) */ 
and onZy i/ G is nearly row-nested. 

3. Remarks and conclusions 

Nagel and Reiner also propose a coZea; lower bound for classes of monomial 
ideals. The colex order on subsets of size d of N is a total ordering such that 
(ai, . . . , ad) <coZe:r (&i, • • • , &d) if and only if for some 1 < k < d, a k < bk and 
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<Xi = bi for all k + 1 < i < d. An initial segment K in the colex order is a colexseg- 
ment, and the ideal (xi t . . . Xi d : {i\, . . . , id} £ K) is a colexsegment- generated ideal. 
For each squarefree monomial ideal / generated in a constant degree d, let J be 
the unique degree d colexsegment-generated ideal with the same number of min- 
imal generators as /. We say that I satisfies the colex lower bound if for all j, 
f3j(I) > 0j(J). Problem 1.1 of 10J is the following. 

Problem 3.1. Which monomial ideals in constant degree d satisfy the colex lower 
bound? 



Theorem 11.11 proves the colex lower bound for edge ideals of bipartite graphs. 

Theorem 3.2. Let G be a bipartite graph. Then the edge ideal of G satisfies the 
colex lower bound. 

Proof: Let / be the edge ideal of G and J be the associated Ferrers ideal. Nagel 
and Reiner fTUJ Proposition 4.2] prove that J satisfies the colex lower bound. By 
ignoring the Z ra -grading, it follows from Theorem 11.11 that for all j, (3j(I) > (3j(J)- 
We conclude that / satisfies the colex lower bound. □ 



[l 

[2: 

[4 
[5 

[r 

[8. 

[9 

[10 

[11 

[12 



References 

A. Corso and U. Nagel, Monomial and toric ideals associated to Ferrers graphs, to appear 

in Trans. Amer. Math. Soc. 

A. Corso and U. Nagel, Specializations of Ferrers ideals, to appear in J. Algebraic Comb., 

math arXiv: 0703695vl. 

D. Eisenbud, M. Green, K. Hulek, S. Popescu, Restricting linear syzygies: algebra and 

geometry, Compositio Math., 141 (2005), 1460-1478. 

H.T. Ha, A. Van Tuyl, Monomial ideals, edge ideals of hypergraphs, and their graded Betti 

numbers, J. Algebr. Comb., 27 (2008), 215-245. 

H.T. Ha, A. Van Tuyl, Splittable ideals and the resolutions of monomial ideals, J. Algebra, 

309 (2007), 405-425. 

H.T. Ha, A. Van Tuyl, Resolutions of squarefree monomial ideals via facet ideals: a survey, 

Contemp. Math., 448 (2007), 91-117. 

S. Jacques, Betti numbers of graph ideals, University of Sheffield, Ph.D. thesis, math arXiv: 

0410107vl. 

S. Jacques, M. Katzman, The Betti numbers of forests, math arXiv: 0501226v2. 

M. Katzman, Characteristic-independence of Betti numbers of graph ideals, J. Combin. 

Theory Ser. A, 113 (2006), 435-454. 

U. Nagel and V. Reiner, Betti numbers of monomial ideals and shifted skew shapes, math 

arXiv: 0712.2537vl. 

R. Stanley, Combinatorics and Commutative Algebra, Second Edition, Birkhauser, Boston, 

1996. 

R.H. Villarreal, Cohen-Macaulay graphs, Manuscripta Math., 109 (1990), 159-174. 



